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NATIONAL ADVISORY COMMITTEE FOR AEZERONAUTICS

TECHNICAL NOTE NO. 103l

BENDING~TORSION FLUTTER CALCULATIONS MODIFIED
BY SUBSONIC COMPRESSIBILITY CORRECTIONS
By I. E. Garrick’

SUMMARY .-

A number of calculations of bending-torsion wing
flutter are made at two Mach numbers, M = 0 (incom-
pressible case) and M = 0.7, and the results are com-
pared. The alr forces employed for the case of M = 0.7
are bhased on Frazer's recalculation of Possiot!'s results,
which are derived on the assumption of small disturbances
to the main flow. For ordinary wings of normal density
and of low bending frequency in comparison with torsion
frequency, the compressibility correction to the flutter
sapeed appearsfto be of the order of a few percent; whereas,
the correction to the flutter speed for high-density wing
sections, such as propeller sections, and to the wing-
divergence speed 1n general may be based on a rule usling
the (l - Mz)l/h' factor and, for M = 0.7, represents
a. decrease of the order of 17 percent. ’ oo

INTRODUCTION

The question of the influence of the compressible
properties of a gas on wing flutter is, of course,
directly tied to the primsary problem of determining the

air forces and moments on oscillating airfoils moving at

high forward speeds. 'This problem has been attacked by
Possio (reference 1), along lines indicated By Prandtl, by
a procedure utilizing the pressure or acceleration poten-
t1idl and the method of linearization of the equation sat-
1sfied by the acceleration potential for small disturb-
arices to the main flow. A review. and summgry of Possio's
work with certain simplifications have been given by
Frazer (reference 2). Frazer and Skan (reference 3)
listed imvroved numerical tables of Possio's results and
made some numerical applications to the flutter problem.
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It appeared worth while to perform additional ceal-
culations along simlilar .lines utilizing the notations ang
parameters more familiar in this country. The present
report has for its limited objective the reporting of the
results of a number of pertinent calculatlions on bending-
torsion flutter for a stream Mach number M = 0.7 and
the comparison of these results with those given 1n refer-
ence l for the incompresslible case based on the Theodorsen
theory (refsrence 5).

The numericsal accuracy of the results of Posslo's
‘theory and method deteriorates as M approaches unity
and as the frequency increasss. It -has been estimated
that the theory is not safely-avplicable much beyonéd M =0.7,
nor at M = 0.7 for values of the reduced frequency k
much beyond 1. Thus, the transonic or supersonic ranges
of spseds are not considered in the.present paper. The
purely supersonic case for small disturbances is also
tractable and flutter calculatlons for this case are being
prevared,

PROCEDURE

"n the idealized case of a wing with two degrees of
freedom, wing bending and wing torsion, and basged on two-
dimenglonal air forces, the determinantal egquation yielding
the rlutter conditisn may ve written in the form (refer-
ences li and 5)

Raq + iIgg Rgp + iIgp
Reg + 1Ica Ren + 1Icn

The two real equations contained in the complex
determinant may yleld In any given problem the two
unknowns, flutter speed and flutter fregquency.

¥xpressions for the R's and I's in the incompressirle
case are listed following the definitions of the various
symbols in the apnendix, and the evaluation of the terms
is facilitated by the use of table I. 1In the compressikle
cuse the R's and I's are exvressed In terms ofthe nota-
tion of Frazer and Skan (reLerence 3), and table II con-
tains values for MM = 0. 7
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" Instead of a dlrect solution of the flutter speed
and flutter frequency for a case in which thé wing struc-
tural parameters are gilven, 1t is more convenient to solve
for the parameter mh/b (the ratio of freguency in

bending to frequency in torsion) wh_ch'belongs to the
border-line case of flutter for a definite chosen value
of the parameter 1/k. The elimination of X from the two
equaticns contained 1n the determinant yields a guadratic

equation in @&yba)a from which @wp/wg- may be found

and, subsequently, X may be evaluated; and X, together

with the given value of 1/k, determ;nes the flutter speed
and frequency. It 1s convenient first to perform the
calculations for the compressible case with M = 0.7 &nd
finally, in order to furnish the desiréd numerical com-
parisons, to perform the calculations for the incombressible
case (M = 0) utilizing the glven structural parameters

and the derived values of the fregueéncy ratio wpfeg.

RESULTS AND DISCUSSION

The main numerical results are summarized in table IIT
and are shown plotted in figures 1 to L. (Ko tabular
values are included for fig. li.) .The ordinate in the
figures is the flutter-speed coefficient v/bwg where Twg

represents a convenient reference speed. The abscissa Is
the frequency ratio wy/w,. '

The parameter K may be considered to determine the
wing density at a glven altitude; thus, #® = 0.025 rep-
resents the hlghest wing density used and K = 0.2 the
smallest. Alternatively, the change in K may be inter-
preted to represent 2 change in altitude for a glven wing,
end a change from K = 0.10 to K = 0.05 may be con-
sidered to represent an altitude change from sea level
to an altitude at which p equals one half the density
at sea level, or approximately 18,000 feet. The normal
drop in sonic speed with altitude should be tsken into
account in interpreting M,:-% (see reference 3, fig. 2).

The examples treated may be further classified by values
of the parameter a representing positions of the tor-
sional élastic axis; thus, a = -0.4, a = -0.2, and a=0"
represent, respectively, elastic axes at 30 percent,

4O percent, and 50 percent chord from the leading edge.



—

Also xg = 0.2 represents a p031tlon of the center of
" gravity 10 percent of the chorad behind the elastic axis.

The figures show flutter curves calculated for the
two values (M =0 and W = 0.7) Tepresenting respec-
tively a low-speed or incomvressible case and a high-
speed or compressible case. For the usiial circumstance
nf low values of the frequency ratio w,/wg, the offect
of compressibllity on the flutter speed is seen to be
relatively small; for the lower wing densities the cffect
is a small incrsase ‘whereas for the highest wing density-
used the effect 1s a small detrimental ons.

For the divergence speed (frequency w —30) the
formulas of the static case are applicable and the slope
~f the 11ft curve lncrsases actcording to the Glauert-
Prandtl rule, which ylelds the approximate formulu

i
= |, 2 5

- w2 e

: -2-+8.

For very heavy wings (¥—>0) the values of 1/k
for flutter approach <3 that ix; the low frequ/ﬁcy or

thhe static case 1s approached and the (1 - M2 L rule
given in reference l} appears applicable, The empirical
formula for the flutter speed of reference L (p. 17),
which -1e valld for high winb density and low vsalues

of  ,/@,, may be modified to read e

l T

ZE (1 M2)E ra” 1/2

Since the slope of the 1lift curve does not incrcase in
accordanée with the Glauert-Prandtl formula beyond a
curtain value of M < 1, the formula is clearly
inapplicable beyond a certain value of M. This value
may be taken roughly to be in the order of M = Q.7

to 0.75. For M = 0.7, the formula indlcates a decrease
in the flutter speed of approximately 17 percent.
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The effects of Internal damping and of the modes of
vibration have been omitted in the calculations. Inclusion
of these effects would tend to reduce further the differ-
ences between the numerical results Tor the compressible
and incompressible cases. This statement is borne out by
the results of reference 3 for a tapered wing. .

Calculations for a wing with an sileron cannot be made
by the method of reference 1 without very extensive and =~~~
difficult computations. It may also be remarked .that the
numerical tables of refersnces 1 and 3 show the need of
additional extensions and recalculations.

CONCLUDING REMaRX

The main conclusion to be derived from study of the \x“;;.e:é

numerical flutter calculations is that the effect of com-
pressibllity on the flutter speed (wing bending - wing
torsion, no alleron) for subsonlic speeds with no shocks,
although complicated, is relatively small in the usual
casas and, for aMach number of 0.7 can be allewed for
by corrections of small order to the incompressible-case
results. ' .

Langley Memorial Aeronautical Laboratory
Natlonal Acdvisory Committee for Aeronautics
Langley Field, Va., December 18, 19L5
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APPENDIX |
N E 2 = rwm
SYMBOLS AND NOTATION o o=
e "~ -half-chord uged as reference unit length ) -
_ L o .
& coordinate of axis of rotgtion (iorsional axis) -
measured from midchord (reference L) ) R
o ailr density -
K ratio of mass of cylinder of air of dimmeter equal =
to chord of wing to mass of wing, both taien i
for equal length along % H this racio muy be
expressed as # = 0.24 6 p where W
- a) . - -
is welght in wnounds per foot—span, b 1s in
feet;—and p/Po 4is ratlo of actual air density
to standsard density at sea level : I - s
Xq ‘locatlon of_ center of gravity of airfoil measured < T
from & (reference l;)
Tq radius of gyration of airfo*l referred to a - -
(reference l)
Wy, .. natural angular frequen03 of torsfonsl vibrations'_ o
around & in vazcuum - - .
®y,  -—natural angular frequency of wing in bending in -
vacuum E
v sapeed of forward motion . : o - .
e speed of sound in undisturbed medium N
M ..Mach number (v/c)
Ve - rlutter or critical speed . T L. Dol oo
) . -angular frequency of wing vibrations )
k - reduced frequency (%?

F and G'functions of k (see references | and 5}

>\' - Zk X . . . L oL A ..?_._.___.____—_._.._'
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In each of the following formulas the incompressible-
case formula 1s listed first in the notation of references L
and 5 followed by the conversion of the formula to make
use of the notaticn and numerical tables of reference 3.
{See tables I and II.)
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The functions tabulated for convenisence In tables T
and IT are the primed quantities given in the following

definitionss

Raq
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TABLE. I
THE R' AKD I' FUNCTION3 FOR W = 0

= X 1/k s Bgq' Rah! Rsg' Rep! Iges o' Yeo! Ign'
-0. -0.37500 ( ~0.50000 | 169.34600 1.00000 0 -0.78200
- -17.2: - 7hh60 169.10 1. - 16 -.9L84o
10 -.E - 7.838%% 41.3}580 1684050 248 1.°gh§2 -.32323 -1.26120 1.66400
) -84.18650 | ~1.72300 | 168.12300 1.Bo700 ~.B5200 | -1.61}00
0. -0, 0 ~0.50000 3776600 1.00000 0 0.56920
EEREIEE I EE I
. -2 | -11. - . - -. . .
1_ 0 -18.722?0 -.;hsoo 37.52500 _J/ 1.07920 - 72720 ~.158L0 J/
[ | Sgmse | o | 2ame L [mR] Cme | L3S [
5.55353 -2 | Lighezs | 55880 | 1 0.193 -77920 39900 3600 1.33000
(] -7.81275 - 59750 15,37550 76500 66500 7000
T [-e-s | 037500 [ ~o-50000 [ 8.15750 1] Loooto | 0 | Lh2soo [
25 k| e | D | Bl | o oam [QUEER | TR | DR |0 naswo
0 -},.23750 ~. 41250 8.22500 60000 -.62 80000
-0, -0.37500 -0. l4.BBé00 1.00600 0 1.39500
- -.BL757 - 28 4.92572 N 8526 ~.11958 1.47
2.0 E 7 2 3o | 50058 0.3972 ‘Gore | i3sbh | 103 1.19580
o -2.66750 - 60 50245 ~.59790 99510
(‘_,nui':;L -0.%7500 -nizgmg g;é'lpglﬁ [} (1.00000 0 & 1.87820 |
- -.k10 -J200 . . -.107 1.77032
1.0 -2 -.5 gg -.26018 1.02322 =0.79940 .55325 -.3236l, 1.;; 6 1.07880
0 =-.T1458 -.10030 1.17910 .33060 -.53940 1. 0
EiIEAREAEE P00 | o | 30T |1
0.66667 s2 ::gzhlga e 74 -:52179 ~0.90187 {11063 -.31260 1.63127 } 1.0l200
] -.38 _ =.0kdo7 .51217 | -<857 -.52100 1.42287
—~ o r R — ~ —_rn_. N
-0, =0.37500 -~0,5G000 ~0.18580 1.00000 1] l.aiju
- - - -.091 81 =.10260 1.Bgs70
0.5 _.E 3 iﬁ - 22%1 _%éég; -0.94230 ik S 30760 1.66350 J) 1.02600
0 ~ 267 -.028135 28535 2723 -.51300 1.l5530
0. -0.37500 ~0,50000 -0.29936 1.00000 ] 1.97956
0.4 -.g --50229 -.ho378 -.ﬁg i1 -0.96216 1221 "10122 1_8; 1.01740
' -. -.2215 -.21135 -.01071 ' .hzlvo -.30 1.67
0 -.215 ? -.01892 18170 28057 |0 -.50870 1.L70
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T4BLE I1 = 0.7
* FUNCTIORS FOR X =0 Ich! it
THE R' AMD I Ien' fea’ |
] Rnh" Iag' 6780
y -%.967
R 1.94h50
e [ | TR
Y . -. 00
1/ * 0 | a201.38200 5.88200 .;kzm __92520 .9
A= & 100 '1'06280 200'Z9Jggg . i' 799 -0.85100 L,oo
+ '°'ﬁ 2.00100 _1,65200 199-61 093130 | -0 90 1.5%
~17.9 -2.826 198.Lhooo 1.6 -.10210. 1.
-2 | a7 fo6 | “ioalon 200 24702 | ZIhaoso -1.
0.2 B o ~90-64; 100 h3.13 50 2.36400 B 5 -+73910
920 | 9-92200 h2. goo 2 0.24k07 0
_O:z %;'{9)550 '}_' g ﬁi'%ﬁﬂﬂ 1.66 1, 0’882%;' R 5’; 1Lz
- 1185750 211300 . “dgz | o & | - '
. 3 1 2%50 2.1 i 500 | 1. o | -.303 - y76a%
5 -19. 17- 0256 1.4930 -. 63207 -_
0 { 0 o BE64T B (U 85713
0.51+°3§ ~.97689 if,’.aan ! 0.12605 °;§§§33 1.37550
ERE: IE AR bal | tam | B
0.6 | 3.3333 % | 3% -1'32537 3 -8onny 0.51887 i:ﬁ% i | G
. R '9'8 ! 3. E625 1.57 e 0.3691-2 1.36360.
ot A B 7+ -'98100 3 beass 169760 | 0.1 “otodh
- -2.2699 -1.08L75 1. Zkﬁ - '2875-’-
0.8 25 o | ookl 80860 gig“’% 0.21;36 1'51252 - 5cb%5 : 680
. -a. . 1. .99 :
0.40712 -.8302) la-gég 0 0 1.45000 -
i e it =S e e | o ‘§2ig°
-. -1.2% -.91 1.22 98 A - .27180
2.0 o’ | 23 1.92266 weoks | < 173307} -.165 —_—
1.0 0 -0,56310 1.95160 -0. 1.15550 :
. . . 1.05113% 67
0.51805 el | 1o 065280 -87706 1.540 ‘
-o.z .581 - 1.967 1.2 A3 .56893 =
= -10213 ~.51836 1.0 190 36030 >
1.0 =.2 -.18m - 0.85401 1465 .87056 -. 1375 ' Q
2.0 0 R _'og’?i;‘it . -g % -0.17 _7&03{ 185 Q.gge 0 } 1.£5300 -
R e Bl 3| o B |
::E EEIEH -.23519 91‘:’9 123?!;5; Z%E%é ;gaau e
5.0 0.66667 : -. YT 0. 3%9 -0.16302 222571 .05 e -
0.03080 -.27070 89 0.97140 .85537 1.69840 ‘o
0. bl | el | 50 T-o085a & | b :
-- - 00813 -.2050% 8l582 L6 02319
0.5 - -.05995 0.32 3 -62169 12 B =
L.0 ' 0 -u.ms,';o .556 =0.0973 +53320 R
> 0.12B¢6 --13517 3555 o
. .109 - '11631 3750 &
K IE |
- - .0
5-0 o o NATIONAL ADVISORY

UTICS
FOR Am.l
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TABLE III
NUMERICAL RESULTS
[raa = 0.25; xgq = 0.2]

= 0. =0
N M 7 ¥
e | opg | @t | epae | 1A | onw, | om | v/veg
Y a=-0.
1.250 1.000 1.080 1.350 0.83 1.000 1.16 0.97
2.000 .290 236 1072 1.63 .590 .82 1.
0.200 2.500 L3 23 1.559 2.05 36 .72 1.
5.335 234 07 1. Z% 2.62 .23L .62 1.62
3.850 0 k 50 1.7 2.99 .57 1.72
1.400 1.000 1.070 . 1.500 R U
2.000 .653 773 1.522 1.79 0.653 0.86 1.54
0.100 2.500 .519 666 1.6 2.23 .519 17 1.71
3.333 .361 asu 1.8)7 2.85 361 .67 1.90
.990 0 30 2.130 3.60 .56 2.16
[ 1.700 1.100 1.150 1.950 1.13 1.100 1.27 1.4
2.000 .818 .901 - 1.803 1.77 .818 1.00 1.77
2.000 2.002 1.370 5.3&1 A Tt cman | mmeea
0.050 2.500 .690 757 1.893 2.20 .690 .89 1.95
: 2.500 6.106 5.785 .62 A T ——=l | cecaa
3.333 Lol .627 2.091 3.11 Lok z 2.28
2.000 .292 90 2. . .30 292 .61 2.6%
| 6.490 0 Lo 2.630 5.0 5l 2.90
2.500 0.889 0.943 2.358 2.%0 0.889 1.04 2.32
2.500 1.29 1.23& z,2%7 1.81 1.29& ;.ga 2.5
0.025 3.233 .63 .7 2.412 3,34 .63 - W8l 2.72
283 | RIS | 3k | L9ss | iw | Cus | e | 3
L 9.860 o 350 5. 7.8L o 51 z:oo
a = -0.2
 1.0%30 1.000 i.050 1.080 0.53 1.000 1.17 0.62
g.ggg . .igg %.3%5 1. LLé 77 1.1
0.200 g:ggg i:;gg ifstg lijggg 1.81 269 .68 1.23
2.980 g :Eho 1:318 2.09 0 .61 1.28
- [ 1.350 1.000 1.030 1.390 0.6 1.000 1.21 <79
a.ggo .5 .638 1.236 1.62 57l aL 1.36
2.000 2.%65 2.251 L.Egl ———- ————— ——— —————
0.100 2.500 035 595 1.5487 1.99 435 74 1.8
S | 2255 | CuR | Lse | aue | s | & | e
L LB | o o | 1% | 2089 | o | 1%
[ 1.700 1.000 1.000 1.690 1.22 1.000 1. 1.33
a.goo .755 .828 1.%%7 1.67 ;755 .02 1.60
2.000 1.3 1.323 2.6L7 1.25 1.3 E 1.§h 1.&9
2.500 .52§ .695 1.731 2.20 .59 .82 1.80
0.050 2.500 1. 1.637 L.09 cmme | meaza R
: 3.333 .éﬁl .26 1.8%0 2.86 431 70 2.00
3.333 2.641 2.Lo 8.027 coom | mmaaa ———— | ==ee-
5.000 .20k 4L23 2.115 3.83 .20k 58 2,21
. 5.700 0 370 2.130 .26 o} .5l 2.29
2.500 0.838 0.8 2.18 2.27 0.838 0.97 2.20
a.goo 1.050 1.0%2 2.618 1.9 1.050 1.15 2.2,
0.025 232 | 1l% | 134 e | 2- 1258 L e
) §.000 :363 ‘503 2.51 1.65 268 .61 2.83
g.ooo 2.279 2.010 10.0. Seme ————— T
A30 s} .340 2.870 6.6 o} 49 3,17

NATIONAL ADVISORY
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TABLE III - Concluded _
NUMERICAL RESULTS - Concluded =
[r2 =0.25; x4 =0.2] i ’
¥ =0.7 ) M=0
K .
1/ { wpf, ' W/, | v/, | 1/ [ wp/og ’ w/wcl Vo0,
[ 1.150 1,000 1.020 1.170 0.12 1.000 1.16 0.1
1.500 .600 .710 1.060 .eg 600 .90 .TZ
2,000 ﬁ? .Ehs 1.086 1.2 L3 7. .9 .
2.000 1.[,68 1.416 2.832 P i ——ee’ | eele- N v
0.200 | < 2.500 .126 . 1.2&3 1.45 126 .70 1.01
2.500 1.518 1.L45 3, --al ———— cemm. | ceana
3,523 1.570 1.500 5.000 B T R
5.000 1.590 1.212 T7.560 e [ T,
L 2.610. 430 1.110 1.48 0 .69 1.02
© 1.350 1.000 1.010 1.360 ———— J— ———- c———-
1.500 .800 ~ 850 1.270° T e ——— ————
2,000 212 .637 1.275 1.43 0.515 0.83 1
2:500 | Yo | i3 f'?@ﬂ .76 | 313 | k| 1.9
0.100 © | ¢ 3lZpo 1.561 1.026 5.56l .- e RRCLE e
3.533 A7) . 1.1 2.17 ATk bl 1.40 5
3,333 1.752 1.61 3'391 ceee | emee- P S . .
5.000 1.943 1.76 822 SUPRE R comes | cmeae
L 3.690 .380 1.420 2.38 0 .60 1.43
2.000 0.700 0.768 1.2&6 1.68 0.700 0.90 1.51 o,
2.000 1.092 1.070 2.1 1.43 1.092 1.21 1 Zz .
2.500 OZS .6?;2 1.605 2.1% .5%3 .78 1. .
2.500 1.2 1.204 3,00 2.60 1.2 1.12 2.99
0.050 gg;g K eg 1.;&'{ ﬁ?;% 2.74 .385 . 68 1.81
5.000 .1Z7 27 1:367 3.60 U7 55 1.96
5.000 1.757 1.5 7.879 R --22 ——ie
_5.1;50 0 .3Lo 1.870 3.91 0 .51 1.99 o
2.500 0.797 0.819 2.01& 2.%6 0.797 0.90° 2.12
2.500 .923 .906 2.2 2.31 .90 .97 2.
3,333 5 .618 2.029 3.21 .5 71 2
0.025 %.35%3 1.174 1.101 5.283 ———— -———— ———— | emee-
g.ggg 1’?;22 1.12;32 g.m Ll 3Lz .57 2.52
7940 310 2.450 6.57 0 b2 2.76 +
- NMATIONAL ADVISORY - ) o
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Flgure l.- The flutter coefficlerit v/‘bw'ac agalnst fregquency
ratio wp/w, for various values of k£ for M = O and

M = 0.7. Elastlc axis at 30 percent chord; r,2 = 0.23;
)

e = -0.4; x, = 0.2, ] .
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Figurs 2.~ The flutter coefficient v/bw, against frequency
rg_tio A for various velues of K for M = 0 and -
M Z 0.7. Elastic axis at 40 percent chord; z-az2 = 0.25; -
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Figure 3,.,=- The flutter coefficient v/bwh egainst frequency
ratio ""h/“’a for various values of K for M = O =and
¥z 0.7. Elastic axis at 50 percent chord; r¢2\= 0.25;

a 20; x = 0.8. _
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Figure 4,- The flutter coefficient v/bw, ageinst frequency '
. ratio wp/w, for two valuesa of K for M = O and M = 0,7,

Elastic axis &t 30 percent chord; r 2 = 0.25; =& = -0.4;
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